Integration

n+1

/WM:X

n+1+C, n# -1
1

/—dx:ln|x|+C
X

/eXdX=eX+C +C, b#1

1 1
/1+X2dx—tan x+C

x b*
/b dX—m

/ﬁd)(:sin_lx+c

/sinxdx=—cosx+C /cosxdx=sinX+C
/tanxdx:ln|secx|+C
/secde:Inlsecx+tanx|+C

/cscxdx = —In|cscx + cot x|+ C

/cotxdx: In|sinx|+ C

Let ¢ be a constant.

/[cf(x)] dx = c/f(x) dx

/[f(x)—i—g(x)] dx = /f(x) dx—i—/g(x) dx

/ [F(x) — g(x)] dx = / F(x) dx — / g(x) dx

Let ¢ be a constant.
b a
/ cdx =c(b—a) / f(x)dx=0
a a

/baf(x)dx=—/abf(x)dx

/abf(x)dXZ/acf(x)dx+/cbf(x)dx

b n
/ F(x)dx = lim > f(x)Ax
a n—oo 1
For equal subinterval widths,
b n
/ F(x)dx = lim > f(x)Ax,
a n—oo Py

b—a

where x; = a+ iAx and Ax =

| |

b
o If F(x) > 0 on [a, b], then / F(x) dx > 0.

o If f(x) > g(x) on [a, b], then /b f(x)dx > /b g(x) dx.
e If m< f(x) < Mon [a, b], then

b
m(b—a)g/ F(x) dx < M(b — 2)

a

d X
&/ F(£)dt = F(x)
d U(X)

- F(t)dt = fu(x))u’(x) = Fv())v'(x)
dx v(x)

If £ is continuous on [a, b] and F'(x) = f(x), then

/b f(x)dx = F(b) — F(a)

If £’ is continuous on [a, b], then

f(b) = f(a) + /b f'(x)dx

a

If u= g(x), then du = g'(x) dx and

/ F(g(x))g’(x) dx = / F(u) du

b g(b)
/ lobg Gyax = [ () du
a g(a)
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Integration

Integrals of Odd and Even Functions

e If fis odd, then / f(x)dx =0.

e If fis even, then/ f(x)dx = 2/ f(x)dx.
—-a 0

Integration by Parts

For differentiable functions u and v,
/udv:uv—/vdu

Integrating [ sin” x cos” x dx
e For odd m, substitute u = cosx in

/sinmxcos"xdx = / (1 - cos’ ><)(”771)/2 cos” x sinxdx

e For even m and odd n, substitute v = sinx in

/sinmxcosnxdx = /sinmx (1- sin? x)(nfl)/Z cos x dx

e For even m and even n, use the power-reduction formulas

sin®x = (1 — cos2x) cos® x = 2(1 + cos2x)

Integrating [ sec™ x tan” x dx
e For even m, substitute v = tanx in

/ sec™ x tan” x dx = / (tan? x + 1) "7 tan” x sec? x dx

e For odd n, substitute u = secx in

_ —1)/2
/sec’” x tan” xdx = /secm 1 x (sec® x — 1)('7 )2 sec x tan x dx

Integrating f csc™ x cot” x dx
e For even m, substitute u = cotx in

/csc”7 x cot” xdx = / (cot® x + 1)<m72)/2 cot” x csc? x dx

e For odd n, substitute u = cscx in

/csc"7 x cot” xdx = /t:sc:"”1 x (csc? x — 1)("71)/2 cscx cot x dx

Integrating Products of Sines and Cosines

Integrals of products of sines and cosines can be reexpressed

through product-to-sum identities:

sin A sin B = 1 [cos(A — B) — cos(A+ B)]
cos A cos B = 3 [cos(A — B) + cos(A + B)]

sin A cos B = £ [sin(A— B) +sin(A+ B)]

Trigonometric Substitutions

Radicals can be stripped using the following substitutions.

Radical Substitution Identity
a? —x? x = asinf 1 —sin?0 = cos® 6
\/m X = atan6 tan0 + 1 = sec? @
X2 — 32 x = asect sec’f — 1 =tan’6

Integration by Partial Fractions

Rational functions whose denominator has a higher degree than

the numerator can be decomposed as follows.

Term in Partial Fraction Form
Denominator
A
b
ax ax—+ b
n Ay Az An
b R L
(ax+b) ax+b+(ax+b)2+ +(ax+b)”
2 AX —+ B
b T e
ax+bx+c ax?2 + bx + ¢
2 n Aix + B Aox + Bo
ax”+ bx+c -+
( ) ax24+bx+c  (ax2+ bx +c)?
Anx + Bp
(ax2 + bx + ¢)"

Type | Improper Integrals

/:C f(x)dx:tan;O/at f(x)dx

/_; f(x)dx = tﬂrpoc/tb f(x)dx

If both integrals converge, then
/ f(x)dX:/ f(x)dx+/ f(x)dx

p-Integrals

<1 .
/ > dx diverges for p < 1 and converges for p > 1.
1
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Integration

e If f is continuous on [a, b) and has a vertical asymptote at
x = b, then

/ab f(x)dx = tir{; /: f(x)dx

e If f is continuous on (a, b] and has a vertical asymptote at

x = a, then

/ab f(x)dx = tir?+/tb f(x)dx

e If f has a discontinuity at ¢ (a < ¢ < b), then

/abf(x)dx=/acf(x)dx+/cbf(x)dx

if both integrals on the right converge; otherwise,

b
/ f(x) dx diverges.
a

e If0 < g(x) < f(x) on [a,0) and/ g(x) dx diverges,

a

then / f(x) dx also diverges.

e If0 < f(x) < g(x) on [a,00) and / g(x) dx converges,
a

o0
then / f(x) dx also converges.
a

e | eft-endpoint approximation:

b n
/ FO)dx~ Ly =Y f(xi1)Ax
a i=1

e Right-endpoint approximation:

b n
/ F(x)dx ~ Ry= > f(x)Ax
a i=1

b—a
n

< Ml(b — 3)2

Ax = < o

|Enl

where |f'(x)| < M; on [a, b].

b n
/ FO)dx ~ My =Y F(X;) Ax
a i=1

Xi = % (Xi—1 + xi)

Mz(b — 8)3

<
Eml < =2

where |f"(x)| < Mz on [a, b].

b
/ f(x)dx = T,

a

= S 0F00) + 2F () 4 2 (1) + ()

Ax — b—a
n
Mg(b—3)3
< 27 97
LA 12n2

where |f"(x)| < Mz on [a, b].

For even n,

b
/ f(x)dx = S,
a

- % [f(xo) FAF(x) + 2F () £ AF(x) 4 -

2 (x0-2) + 4 (x0-1) + 7 ()]

where ’f(“)(x)‘ < My on [a, b
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